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1. INTRODUCTION

Let X be a partially ordered set with order <<, let ¥~ = ¥ (X) be the
linear space of bounded real functions on X and 4 = . #(X)C ¥ the
convex cone of isotone functions in ¥/, i.e., functions 4 satisfying A(x) < A(y)
whenever x, ye X, x < y. Given a weighted uniform norm | -, on ¥~
defined by

1flle = sup wx) [f()l,  fe7, (1.5

where w in ¥” is a weight function satisfying w{x) = 8 > 0 for all xe X,
the problem is to find g in .#, if one exists, such that

1/~ gllo = inf ILf = Al 12)

We call this problem the problem of isotone optimization with respect to
the weighted uniform norm (1.1). Instead of (1.1) we may consider other
norms, e.g., the [, norm, 1 = p < co. Let X ={x;, x5 ,..., X,,} be a finite
partially ordered set. For each p, 1 =< p << oo, define an /, norm || - ;2 by

111 = (z ot | lp)w, .3

where f = {f;}1, is a function on X and w,, = {w, ;}i; > Ois a given weight
function. Since X is finite, we identify any function f with the sequence
{1 5 f2 »e-s Jup Where f; = f(x;) and for convenience write f = {f;};, . The
class .#, of isotone functions in this case is the set of all # = {A;}5; on X
satisfying
h; = h; whenever x; , x; € X and x; << x;. (1.4}
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The problem of isotone optimization with respect to the /, norm is: given
{fi}i, find g, = {g,.:}i. in A, if one exists, such that

If— o5 = inf £ — hif. (1.5)

In [11] we considered the problem (1.2) and characterized the set of all
its solutions. In this article we investigate the problem (1.2) farther and
show its relationship to the problem (1.5). In Section 2 we show that when X
is finite, under certain conditions on the weight functions w, , the solution
of (1.5) converges as p- oo to a solution of problem (1.2) for some
w ={w;}7 ;. In Section 3 we point out a norm reducing property of a
particular solution of (1.2) when w(x) = 1 for all x € X. Specifically if f; € 77,
i=1,2and f9 i = 1, 2 be the corresponding particular solutions of (1.2),
we show that || f1® — /3° [l = 1fi — f2 ll» holds. In Section 4 we investigate
the differentiability properties of the solutions of (1.2) when X = [a, b}, a
closed interval of the real line and in Section 5 we construct algorithms to
compute these solutions and establish relevant rates of convergence.

The problem (1.5) arises in certain aspects of statistical analysis involving
the restricted maximum likelihood estimation. To give a simple example,
maximizing the joint density of » independent normal distributions N{y; , ¢,%),
=1, 2,...,n with an ordering restriction on the means p,; is the same as
solving an isotone optimization problem with respect to the /, norm. See
[2, 10]. Owing to the applications to statistics this problem and a more
general version which involves minimization of a function defined on ¥~
and satisfying certain conditions, are extensively investigated. For a history
of the problem see [2]. See also [3], [7], and [12]. The solution g, = {g,..}",
of the problem (1.5) for 1 < p < <o, is known to be given by (See [12]).

8»,s = Max min u(LNU)

= leL} {(r}aax u,(L N U), for all i, (1.6)

where L and U are lower and upper sets respectively and unique u, (L N U)
satisfies
Y woilfimu,(LOU)P < Y wyalfi —ul? .7
isLOU ey
for all real u. (We call L C X a lower set if x; € L and x; € X, x; < x, implies
that x; € L. Similarly UC X is an upper set if x;,e U and x; & X, x; = x;
implies that x; € U.) When p = 2 it is easy to see that (1.7) gives

u(L N U) = (z 3 Wz’ifi)/(z > wz,i)

ieLNU eLNU
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and from (1.6) it may be seen that g, has an elegant expression. We shall
use these expressions in Section 2.

2. CONVERGENCE PROPERTIES OF THE ISOTONE OPTIMIZATION PROBLEM WITH
REesPECT TO THE /, NORM

Let X = {x;, X5 ,..., X} be finite partially ordered. In this case the norm
(1.1) takes the form

1/l = max, wilfil, @0

where f = {f}7,, w = {w;}’,; > 0 and .# consists of all / satisfying (1.4).
For convenience denote the problem (1.2) for this case by P_, and the problem
(1.5) by P,, 1 < p < 0. We investigate the convergence of the solution g,
of the problem P, as p — co.

THEOREM 1. Assume that there exists w = {w;}i, > 0 such that
0 < Iir;i eionf Wy s/w?) < lirgﬁswup Wy o/wi®) < o0 (2.2

Jor all i. Then the solution g, = {g,.}i, of the problem P, converges as
P —> 0 16 G Solution g, = { gu, ;}i, Of the problem P, with weights w = {w;} .
Specifically

Lo, = lylgtgp = max {inlen Uo(L N U)

= Juin, max, u(L N-U), 2.3
for all i, where L and U are lower and upper subsets of X respectively and
u (L N U) is the unique real number satisfying

max w; 1 i —u (LN )] < max w; | fs—ul Jorall u. (2.4)

Remarks. (i) If there exist 8, m > 0 such that 0 <3 < w,, < m for

all p and i, then (2.2) holds if and only if w; = 1 for all i. In such a case
the P,, problem has unit weights.

(iiy The solution of the problem P,, 1 <<p < o0 is unique and is
given by (1.6). When f = {f}%, is not isotone, the P, problem has an
infinite number of distinct solutions. This follows from the results in [11].
Theorem 1 indicates that exactly one of the solutions of the P, problem
is a limit of the solutions of the P, problem when the hypothesis of Theorem 1
holds.

(i) Compare (2.3) with the results in Ref. [11] of part I of this article.



318 VASANT A. UBHAYA
Proof of Theorem 1. We first introduce some notation and prove two

lemmas. For a fixed f={f,};, we define functions r,: R*—-R and
ks R—>Rforl <p < wby

Tp(“): pr,ilfi—uilpa 1 §P<°Oa
g=1

To(W) = max wilf; — u

Kin(u)zzwfb,ilfi—ulp: 1§P<°O=
i=1

ko) = Max w;|f;—ul,

where m = (i, , Uy 5..., 4,) € R" and u e R.

LemmA 1. Assume (2.2) holds, then

limit (rp(W)'/” = 7o(w), 2.5
and
limit (s, ()17 = ra(u), (2.6)

the convergence being uniform on compact sets in the domain of the respective
Jfunction.

Proof. From (2.2) it follows that there exist real numbers §,, 8, > 0
and p, = 1 such that 8; =< w, ;/w,* < 8, for all i for all p = p,. Hence
T W = Y. Wy i/ wDw; | f; — u; )P = (n8)(ro(W))?,

=1

for all p = p,. Also by finiteness of X, there exists i, depending upon u
such that Wi, | f% — U, | = 7.(w). Hence

7o) = Wi, [ fiy — Uiy |7 = Wi/ Wid W5, | fiy — 13, )” = Ss(o())”.
It follows that
| ()" — 7o) < max{|(n8,)""” — 11,1 8}"” — 1 [} 7,(w.
Since 7,,(a) is continuous in w, it is bounded on a compact domain. Hence

the uniform convergence of 7,(a)*/? to (u) follows. Thus (2.5) is established.
(2.6) follows from (2.5) with u = (u, u,..., u).
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Lemma 1 corresponds to the well-known result in measure theory con-
cerning the function spaces L,(X, 2, p), 1 = p =< oo that when p(X) < oo,
the L, norm converges pointwise to the L, norm as p — . See, e.g., 11
Our setting owing to the introduction of the weight function w, , which may
vary with p, differs somewhat from the setting of the L, spaces. Hence 2
condition such as (2.2) is required to prove convergence.

Levma 2. Suppose for each p, 1 <<p << oo the real number u, satisfies
k() =k (u) for all u. Then u, is unigue, limit u, = u, exists as p — <o
and k. (u.,) = . {u) for all u. Further, «,, has a unigue minimizer.

Proof. Note that «,(u) > 0 as |u|— oo for | < p < . Since «, is
continuous in u, by using compactness arguments we may show that a
minimizer of «, exists for 1 < p < co. It is easy to see that «,(u) for
1 <p < o0 is strictly convex in u (see [5]). Hence, the minimizer u, is
unique. If v, satisfies x, (Vo) = r.(u) for all u, then using the finiteness of X
we have w,(v.) = Wil(le — V) = wig(vm — X)) for some 4;,4, | <4,
iy = n. It follows that the minimizer v,, of «,, is also unique.

Tt is easy to see that

2
=}
®
A
&
A

(58, = = B N

for all p, 1 <p < co. Now let #;, =u, , k =1, 2,.. be any subsequence
of u, such that p, — o0 as k — co. Since ¢, are bounded there exists a con-
vergent subsequence, say by, = Lo - We then have, letting r; = Dr, for con-
venience,

(r (B )" < ()M forall u.

Since «}? is continuous and converges to «, uniformly on compact sets
(Lemma 1), on letting j — o0 we have x,(t.) =< x,() for all u. It follows
that #, = v, , since the minimizer is unique. Thus any subsequence u,, of u,
such that p, — o0 as k— oo contains in turn a subsequence converging
10 v, . Hence, limit #, = v, as p — oo and the assertions made in the lemma
hold with u, = v, .

Now we proceed to the proof of Theorem 1. The solution g, = {g,.:j51
of the problem P, , 1 < p < o is given by (1.6). Considering L N U instead
of X in Lemma 2 we conclude that

lgglqi)t u (L U) = u(LnU)

exists and (2.4) holds. Since the number of lower and upper sets is finite,
from (1.6) it follows that the limit of g, , exists as p — oo for all 7 and (2.3}
holds for some g, ;. It now suffices to show that {g,.}7,; is a solution of
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the problem P, . Since {g, ;}7, is isotone for each p, {g,, }r; also has this
property. Clearly

in x, <g, ;< A .
oI X < gy = DAX X, for all p, all i

Using the definition of {g, ;}7, we have 7,(g,)"/? = 7,(w'/? for all ue R™.
Letting p — oo we conclude from (2.5) that 7.(g.) = 7.(u) for all ue R
Hence {g. ;}7.; is a solution of the problem P, . The proof of Theorem 1
is now complete.

3. NorM REDUCING PROPERTY OF A SOLUTION OF THE ISOTONE OPTIMIZATION
PROBLEM WITH RESPECT TO THE UNIFORM NORM

Let X be an arbitrary partially ordered set and w(x) =1 for all xe X.
Then the norm (1.1) becomes the uniform norm || - |}, where

I/l =sup[fCl,  Se¥" ENY)

We consider the problem (1.2) with || - ||, replaced by || - ||. For fe ¥~ define
fe? by

o= (1/2)({ sup }f(Z) + iof f(z)), =xeX. (3.2)

{z:x<z}

It is easy to see that f° is isotone.

THEOREM 2. Letf,fi,fo€? . Then

@ 1/~ 701 = min|f— Al (3.3)
i.e., fO solves the problem (1.2) for the norm || - ||
i A —-Lh=1A—Ll (3.4
i.e., the norm reducing property holds.
Proof.
(i) Let
0= (/2 sup (f&x) — fO), (3.5)
{(x,»)eX X X:x < ¥}
g2(x) = {§u1<) }f(z) — 8, xeX, (3.6)
g(X) = {z:i_?gz}f(z) —+ 93 x€ X, (37)

then
fo=Q0/2)¢g + 2. (3.8
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We know from the results of Section 2 of [11] that
9:1,}61}}[1Hf“h||=Hf“‘gll=ﬂf*g_!i- (3.9)

But since g < /9 = g, (i) again follows from the results in Section 2 of [11].

(i) Let 0;, g;, g, i = 1,2 be defined by (3.5), (3.6), (3.7), respec-
tively, with f;, 7 = 1, 2, in the right-hand sides of these expressions. Again
(3.8), (3.9) hold with 0, £, /° g and g replaced respectively by 0;, f;, /% 2
and g; for each i = 1, 2. Let x € X and € > 0. Then by the definition of g, ,
g, there exist z, , z, € X such that z; < x < z, and

&) =filz) — b, + e
Z(x) = folze) + 0, — <.
Also
&i(x) = filze) + 6,
g:(x) = folzy) — 0.

Using (3.8) we may derive from the above four inequalities the following:
S8 —f22x) = (12)(fulz0) — folz)) + D(falz) — falze)) + e

Hence
[0 — 20 = LA —fll e

Interchanging subscripts 1 and 2 and noting that ¢, x are arbitrary we
conclude that (3.4) holds. The proof is now complete.

Remarks. According to the results of Section 2 of [11] any g in 4
satisfying g < g < & minimizes ||f — /|| for /# in .#. We have indeed
isolated an f® in .# from this infinite set of minimizers such that (3.4) holds.
It is shown in the Ref. [8] of part I of this article that a similar result is true
under certain conditions for the function space L. (X, 2, u), where X is a
totally ordered set. The result also holds for the I, norm case. See
Dykstra [4].

4. DIFFERENTIABILITY PROPERTIES OF g AND &
We now consider the problem (1.2) with X = {a, 5], a closed interval of

the real line. We showed in [11] that both g and # solve the problem (1.2).
Here

gx) = Sup_ (f@ —0w@). xela, bl {(4.1)

50) = _inf (f@) -+ Ow),  xela, Bl “2)
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and

N w(x) w(y) B
g = (xs,lj)]};s _“W(_x)‘+ w(y) (f(x) f(y)),

where
S ={(x,y)ela, b] X [a, b]: x, y € [a, b], x = y}.

In this section we investigate the differentiability and other properties of g
and g.

We first introduce concepts called the Level and Descent Sets. Let fe ¥~
and define for each x € |a, b] the following sets:

L(f, x) = U{lx, y]: x <y = b and f(z) = f(x) for all z€ [x, ]},
Dy(f, x) = {J{(x, »): x <y £ band f(z) < f(x) for all z e (x, »)},
Dy(f, x) = U{lx, yl: x <y = b and f(2) = f(x) for all z€ [x, y]}.

Define the Level Set L(f) and the Strong Descent Set D,(f) by
LH= U Lfx),

x&[a,b]

D)= U Difsx).

x€la,b]

Also define the Weak Descent Set D,(f) by
Dy(f) = U Dy(f, x).

z€a,b]

‘We now state

LemmA 3. Let fe%.
) IfL(f)+# o then

o0

L(f) = U lon, Bals aZ o, <B,=b foraln,

=1

where [a, , B.] are disjoint closed intervals such that f(z) = f(w,) for all
z € [a, , Bl
() If Di(f) +# & then

D= (pn-on)y, a=Z<po<o,<b  foraln,
n=1

where (p,,o0,) are disjoint open intervals such that f(z) <f(p,) for all
2€(pn , 0,) and f(x) = f(py) for all x € [a, p,].
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(il) If Do(f) # o then

Dy = Pusttny, a=X<p,<b foraln,

n=1

where (A, , u,] are disjoint closed intervals such that f(z) = f(A.) for all
2 €A, , pa] and f(x) < f(A,) for all x € [a, A,).

Clearly, whenever L(f) # @, D(f) # & we have,

ow

LO(f) = interior of L(f) = {J (an, B,

n=1

DY(f) = interior of Dy(f) = C) P » ).

We denote by f *)(x), the kth derivative of f at x, if it exists. We define P as
in Section 2 of [11] and recall that if f and w are continuous then so is g.

THEOREM 3. Let p* be the Lebesgue measure on la, b].
(A) Letf,we¥ then
O (fed) < (Df) = &)< (Df) = L))
(i) L(g) =Dy(f—6iw)DP
(i) {xela, b):g(x) =f(x) — O/w(x)} = [a, B] — Dy(f — Bjw)
(iv) {xela, bl:g™(x) =0,n=1,2,..}2 DV(f — O/w)
(v) g9(x) may not exist at most on a set
EC [a,b] — DP(f — 6jw)
with p*(E) = 0.
(B) pX(Dof)) = p*DL(f)) for all fe €.
If f,we ¥, g = constant and

pHDo(f — 0/w) = p*(DP(f — O/w) = b — a,

which, of course, implies from A(iv) that g™(x) = 0, u* — a.c. on [a, b] for
n=1,2,.., then both f and w cannot be absolutely continuous.

Remarks.

(i) A similar theorem may be stated for g, but in this case we need

640f12/4-2
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to modify the definitions of L, D, and D, sets. For example, we may define
the set D, as follows

D/(f,x)=U{(rxasy<x and f(z) > f(x)
forallze(y,x)}, xela,b]
D/(H= U D/, %.

z€[a,b]

Similar modifications necessary for the definitions of other sets are evident.

(i) We give below one example of special interest to illustrate the
results of Theorem 3. It will be seen that g™(x) does not exist on the set
E = [a, b] — DQ(f — 6/w) with u*(E) = 0. (See Theorem 3, A(v).) Let
{a, 5] =0, 1] and f:[0,1]— [0, 1] be the well-known Cantor ternary
function, ([6], p. 138). Then fis nondecreasing continuous with range [0, 1].
Hence § = O0and g = g = f. Let K be the Cantor ternary set. Then [0, 1] — K
is the union of disjoint open intervals and f is constant on each of these
intervals. Clearly DQ(f — 0/w) = DQ(f) = [0, 1] — K and on [0, 1] — K,
FSY(x) exists and equals 0. f® does not exist on E = K. It is a known fact
that p*(E) =0.

We prove Lemma 3 before proceeding to the proof of Theorem 3.

Proof of Lemma 3. We prove (iii). The proofs for (i) and (ii) are similar.
Let t € Dy(f). Define

A=if{x:tex,yLa<x <y =band f(2) < f(x) for all z ¢ [x, yT},
p =sup{y:tex,yLa=x <y < band f(z) < f(x) for all z e [x, yI}.

There exist [x,,y.), n =1, 2,... such that teix,,y,], e =<x, <y, =5,
F@ = f(x,) for all ze[x,,y,] and x,— A, as n— 0. We may take
Xpyp = Xp o0 =X, <Py . Since x, < x; <t <y, we have f(z) < f(x;) for
all ze[x,, 3] and f(z) =< f(x,) for all ze[x, , t]. Hence f(z) < f(x,) for
all ze[x,, ] Since f(x,.) = (f(x,)), using continuity of f we have
S = f(z) for all ze [A;, y1]. Thus, A, € Dy(f). Suppose t € [x, y], where
a<x<y=b and f2) £f(x) for all ze[x, y], then xe[A,,y] and
F) = f(2) for all z€ [);, y]. Hence

py =sup{y: A, <y Zband f(z) < f(A) for all ze [A;, yIb.

Clearly, A; <p; and f(z) =< f(y) for all z € [A;, p]. Thus [A;, u;] C Do(f).
Hence,

D(f) = U N, ml.

te D)
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Suppose u € [A;, ue] then A, < A; and u, = g, . Since ¢ € [A,, p,] implies
te[A,, ) we have A, < A, and p; = p,, . Thus, [A;, g = [A,, p). The
intervals are therefore disjoint and the countability follows since each of the
intervals includes a distinct rational number.

Suppose now there exists x, ¢ < x << A, for some n such that f(x) = f(A,).
Define

v = inf{uex, A flu) = zénha;\]f(z)}.

Then a < v < A, and f(z) < f(v) for all z e [v, A,] which is a contradiction
to the definition of A, .

LEMMA 4.

@) (fed)= (Dy(f) = @) <= (D(f) = L(f))
iy Suppose fe € then

(fed) = (D) = @) <= (Df) = L(f)-

Proof of the lemma is simple. Note that if fe ¥ — % then Dy(f) = &
does not imply that f € # or Dy(f) = L{f). As an example take /> {0, 1] - R
defined by f(x) =1, x€[0, 1) and f(1) = 0. Similarly D,(f) = L({f) does
not imply that fe.#. Take for example f: [0, 11— R given by f(x) =0,
x e [0, 1/4] U {1/2}, f(x) = x otherwise.

Proof of Theorem 3.

A(i) This is part (ii) of Lemma 4.

(i) Let ueI(g) = Upsy [€n,na] by Lemma 3, then ue[£,,n,]
some n and g(x) = g(§,) forall x € [{,, , 9,]. Since g € A, using the properties
of L(g) we conclude that g(x) < g(¢,) for all x€Ja, £,). It follows from
the definition of g that g(£,) = f(£,) — 8/w(¢,) and

FGx) — Olwx) < f(€,) — Oiw(&,)  forall xelé,, 7]

It follows that u € L(f — 6/w).
Now if ue Dy(f — 0jw) = Ui [yn » 8,] by Lemma 3, then u € [y, , 8,]
some n. Also

f(x) - 0/w(x) éf('yn) - H/W(')/n) forall xe {'}"n s Sn}

Using the definition of g we conclude that g(x) = g(y,) for all x € [y,, 3,1
Hence u € L(g). This proves the equality of two sets. The assertion con-
cerning P follows from the properties of P established in Section 2 of [11].
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(i) Let x € [a, b] — Dy(f — 0/w). We assert that if ¢ < y << x then
F(») — 0/w(y) = f(x) — 0]/w(x).
If, on the contrary, for some y, a <y < x,

F() = 0/w(y) > f(x) — 0jw(x)
holds, then let

t = sup{u: ue [y, x], f(u) — 6/w() = max (f(z) — 6/w(z))}-

Clearly a =< t < x and by continuity of ' — 8/w there exists v, x < v such
that
f(@) — 0lw(z) < f(t) — 0/w(t) forall ze(tv).

Hence, x € Dy(f — 8/w), a contradiction. This establishes the validity of the
assertion made above. It follows from the definition of g that g(x) =
F(x) — 0/w(x).

Now suppose x&Dy(f — 0/w) = Un_y (¥n,8,) by Lemma 3. Then
x € (y, , 8,) some n. Hence

F(@) — 0/w(z) < flyn) — 8/wiy,), forall ze(y,, 8,).
We then have
£(x) Z glyn) = f(yn) — 0w(yn) > f(x) — 0/w(x).

(iv) From Lemma 3 it follows that L(g) = U,_, [£.,7.], Where
[, , m4] are disjoint intervals. Hence L9(g) = Us_, (€, ,m,) is an open set
and g™(x) =0 for all xe L®(g), n =1,2,.... From part (ii) we have
LO(g) = DP(f — O/w).

(v) Since g is nondecreasing, it follows that g is differentiable u* — a.e.
(see [9], p. 96.) By (iv), g¥(x) = 0 on D{(f — 6/w) and the result follows.

B) X Dy(f) = o then DP(f) = & and the p*-measures of these
two sets are equal to 0. Suppose Dy(f) 4 &, then by Lemma 3 D,(f) =
Unez [A > #n] where the intervals [A,, pu,] all disjoint. Hence D{(f) =
Une: QA » ). It follows that the set Do(f) — DP(f) is at most countable
and therefore the p*-measures of these sets are equal.

The proof of the remaining part is similar to the one used in showing
that the Cantor ternary function is not absolutely continuous. Let

H = [a, b] — DO(f — 0/w).
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Clearly H is compact and a, b € H. By hypothesis p*(H) = 0. Let € > 0,
From the theory of Lebesgue measure we conclude that there exists a
countable sequence of open intervals (x;, y,),i =1, 2,..., —00 < x; < y; < 0
such that HC U, (x;, ;) and Yo, | y; — x; | < e. Since H is compact,
by taking finite unions and renumbering if necessary, we can find a finite
covering (x;, ), i =1,2,....,n of H such that x;, <y, < xuy <Viq,
i=1,2..n—1and ae(x;,y), be(x,,y,). Now DP(f — 8/w)C L{g)
by A(ii) and the former set is a countable union of open intervals on each of
which g is constant, it follows that g(v;) = g{x;.1), i =1, 2,...,n — 1. Thus

n—1

lb_xn|+z [ yi—x |+l —al <e
i=2
and

7= £0) — @) — g®) — ) + X (¢ —e(x) + 00 — 5@)

Since by hypothesis n > 0, it follows that g is not absolutely continuous.
We showed in Theorem 2 of [11] that if f and w are absolutely continuous
then so is g. Hence both f'and w cannot be absolutely continuous.

The proof of Theorem 3 is now complete.

We remark that part B may also be proved by applying Theorem 13,
p. 106 of [9] to g.

5. ALGORITHMS

In this section we consider the problem (1.2) with X = [a, ] as in Section 4
and develop algorithms to compute g and g defined by (4.1) and (4.2},
respectively. Specifically we let G, , n = 1, 2,... be a sequence of finite sets
contained in [q, b] such that G, becomes dense in [a, 5] as n— co and
construct a sequence of functions g,(g,), # = 1, 2,... defined on [a, 5] but
depending on G, such that g,(g,) converges uniformly to g(g) as n — oo,
We also establish rates of convergence of various quantities involved. We
now state the following:

THEOREM 4. Letf,we¥,f¢ M#.Let G, Cla, b, n =1, 2,... be a sequence
of finite sets such that a, b € G, for all n and

8,= sup inf [x —y|—0 as n-> oo,
zela,b] ¥<Gn
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Let
Sp ={x,1eCG, X Gy x,yeCG,,x <y}
and
w(x) w(y)
| 0, = & y)EXS m () — ).
Define also

M; = max | f(x)],

xefa,b]

M, = max [w),

my = min [ wx)|.

We then have

(A) 0,.=0forallnand0,—0asn— oo according to
0 =0 —0, < (MSPmy) Mf, 8,) + (M*Msm,?) Aw, 8,),  (5.1)

where

Mh, 8) = | Ax) — (), he®

max
x—y|<8,x yE[a bl

is the modulus of continuity of h. (See [8].)
(B) Define g, , 8y la, b] — R by

gn(x) = max (f(2) — 0./w(z)), x€Gy,

ze[a,x]NG,
H() = min . (FQ)+0uw@), xeG,
and for x € [a, b] — G, choose any value of g.(x)(g.(x)) that will make the
Sfunction g,(g,) nondecreasing on [a, b] (e.g., choose linear interpolation or
form a step function). Then g,(= g, or g,) converges to g(= g or §, respec-

tively) uniformly according to

sup. [ g(x) — gn(x)I

weab

_S_ ]‘471472/’7’11/)2 + 2) A(f; Sn) + (I/mwz)(szMf/mw + 20) A(w, Sn) (52)
(©) Define g , &u: [a, b] — R by

&) = 585, U = U, xGu,

Zn(x) = @+ 6mz), xeGy,,

zEe [x b]r\G
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and for x € [a, b] — G, choose any value of g,(x)(g.(x)) as in (B) that will
make the function g.(g,) nondecreasing on [a, b). Theng, < g < 7 = g, and
8x(= gn or &) converges to g(= g or g, respectively) uniformly according to

sup. | g(x) — g.(X) < 2X(f, 8,) -+ (20/m, D) A(w, 8,,). (5.3

mea

(D) If G, in addition satisfies

G,CG,y foralm,
then

8nlX) = Znim(X) = Znpml(X) = &ulx)  forall xeG,
all n,m = 1,
where g, and g, are as defined in (B) or (C}.
Proof of Theorem 4.

(A) Clearly, 8, < 0. There exist x, yeia, b], x <y and f(x) > f(»)
such that
0 = (w(x) w(3)[(w(x) + w(yD(f ) — f(»).

It is easy to see that there exist x,,y,€G, such that |x —x, | £3,,
[V —Ynl =8,, Xu = yu. Then

= W) W(yn)[(wW(xn) + Wy Cen) — F (1)

Hence,
w(x) w(y) A
0= 0 = 5Tl FO — 1) + 1) — fO)
L (W) w(y) W(xn) W(yn) \ ¢ .
(e Tt~ ey ) GG = ). 5.4
Now
wx) w(y)  wx)w(yn)

w(x) = w(y)  wlxn) -+ w(yn)

_ W) whe)(W(y) — w(ya) + W) w(ya)(wx) — wixa))
(w(x) + w(y)Wlxn) + w(ya)

Hence

POV0) | ) ) M
WD () W) () = Tm,E 0 S

Also | f(x,) —f(yn)| = 2M; and

w(x) w(y) M2
m(f(x) — f ) + () = FOD = — /\(f, 8)-

Using the above bounds in (5.4) we may deduce (5.1).
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(B) We show the result for g, , the proof for g, is similar. Let x € [a, b],
then by the definition of g, there exists z € [a, x] such that g(x) = f(2) — 0/w(z).
There exists u € G,, such that 0 =< z — u < 25,, and hence

gn(%) Z ga(W) = f(U) — Onfw() = f () — 0[w(u),
the last inequality followin;g from the fact that 6, < 6. We conclude that
§(%) — ga(x) = f(2) — f () + 0(w(z) — ww)/(w(z) w(w))
= M/ 28,) + (6/my”) Mw, 25,).
Since A(f, kS,) = kA(f, 8,,), where k is a positive integer, we have,
8(x) — gu(x) = 2X(f; 8,) + (20/m,?) Aw, 8.,). (.5

Now if x e [a, b], then there exists v € [a, b] such that 0 < v — x < 25, .
Then by the definition of g, , we have

gn(x) = guv) =f(t) — 0,/w() (5.6)
for some te[a, v]N G, . If t = x, we have
gx) = g() = f(¥) — 6/w(®)

and from (5.6), (5.1) we conclude that

ga(x) — g(x) = (0 — 0,)/w(t) = (M2 m,?) A(f, 8,) + (MM [m,2) Xw, 8,,).
(5.7)

If, on the other hand, x < ¢ =< v, we observe that g(x) = f(x) — 6/w(x) and
from (5.6) obtain,

gu(x) — g(x) < () — f(x) + (6 — 8)/w(e) + O(w(t) — wlx))/(w(t) w(x))
which by (5.1) reduces to

&n(*) — g(x) = (M}my? -+ 2) X(f; 6,) + (1/m,D(M 2 My[m,, + 26) A(w, 8,,).
(5.8)

Comparing (5.7) and (5.8) we see that (5.8) holds for all x e [a, b]. The
required result (5.2) is then derived from (5.5) and (5.8).

(C) This may be proved using arguments similar to those used to
prove (B).

(D) This is evident.



11.
12.
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